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Symbolic Computational Techniques for Solving Games
Abstract
Games are useful in modular specification and anlysis of systems where the distinction among choices
controlled by different components (for instance, the system and its environment) is made explicit. In this
paper, we formulate and compare various symbolic computational techniques for deciding existence of
winning strategies. The game structure is given implicitly, and the winning condition is either a reachability
game of the form "p until q" (for state predicates p and q) or a safety game of the form "Always p".
For reachability games, the first technique employs symbolic fixed-point computation using ordered binary
decision diagrams[9]. The second technique checks for the existence of strategies that ensure winning within
k steps, for a user specified bound k, by reduction to the satisfiability of quantified boolean formulas. Finally,
the bounded case can also be solved by reduction to satisfiability of ordinary boolean formulas, and we discuss
two techniques, one based on encoding the strategy tree and one based on encoding a witness subgraph, for
reduction to SAT. We also show how some of these techniques can be adopted to solve safety games. We
compare the various approaches by evaluating them on two examples for reachability games, and on an
interface synthesis example for a fragment of TinyOS [15] for safety games. We use existing tools such as
MOCHA [4], MUCKE [7], SEMPROP [19], QUBE [12], and BERKMIN [13], and contrast the results.
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Ø Ò FC9<>&9<;=9=FIß&>ÕFD Ò FCK&?'DFCMJÜN?EA&?'D Ò FC?ÏFCK&? Ô MNBÖFÜ?'A&?ED Ò ;®?'A(á9 å
DLMA Ô ?'ANFFCK Ò FÙ Ò A*9ÛBCBCÕ&?ÓÙÁM ÔnÔJÒ AG&B%FCMnFCK?dD Ò G&9=M Ô MGÕ;=?.B
BCÕÙKdFCK Ò F Ò ;<;/9ÛBCBCÕ&?.G@ÙÁM ÔÔJÒ A G&BÙ Ò AÓ> ?ÙEMDLDC?.ÙÌFL;=IØDCMÙÁ?.BCBC?'G
>I4FLK&? Ô MGÕ;=?.BEã-äAhM/FLK&?ED@8MDG&B'ß 8?8 Ò ANFdFCM4BCIANFLK&?'BC9¦E?
FLK&? Ô MNBÖFÝÜ?EA?ED Ò ; Ò BLBCÕ Ô ØFC9<MA FCK&?.BÖ? Ô MGÕ&;<?'B ÔÒ ý?MAnFLK&?
9<A(FC?EDC× Ò ÙE?FLK Ò F4ÙÁMNA&A&?.ÙÌFLB*FLK&? Ô FLMYFLK&?DC?.BFHM/× FCK&?hMØ?ED å
Ò FC9<A&Ü+BÖIBÖFC? Ô ã ù MDJ?Eâ Ò/Ô Ø&;<?ßBC9=A ÙÁ?rFCÕDCA&9<A&ÜFLK&? D Ò G9<MhFCM
;<M8 å ØM8?ED:DL?'BCÕ&;©FBÎ?'á?'ANFLÕ Ò ;<;<I9<A Ò A ÕA Ò á Ò 9<; Ò >&9=;<9=FIß Ò ÙÁMD å
DL?'ÙÁFÎ9=A(FL?EDC× Ò ÙÁ? Ô ÕBÖFÏÙ Ò ØFCÕDC?@FLK&9ÛBÎ>IrG? ÔJÒ A G9=AÜJFCK Ò FÎFLK&?
Õ&ØØ ?'D; Ò IN?EDA&?'á?EDFLÕ&DCA BFCK&?@D Ò G&9=M FCMJ;<M8 å ØM8?ED Ô MG?Nã
çK&9ÛBØ&DLM>;=? Ô Ù Ò AÓ> ?%BÖ?EF6Õ&Ø@A Ò FCÕ&D Ò ;<;=I Ò B Ò B Ò ×2?ÁFIÎÜ Ò/Ô ?
Ø&DLM>;=? Ô ªFCK&?nÙÁM Ô ØMA?EA(FLB ¯ Ò G9<Mk¢I(FC? Ò AG ¯ù - ÙEMABÖFC9 å
FLÕFC?ÓMA?ÎØ&; Ò I?'D Ò AGJFLK&?ÏÕØ&Ø ?'D;=?'á?E;7?EAá9=DLMA Ô ?'ANFÌOF Ò ý?.B
FLK&? DLM;<?HM×ÓFCK&?BC?'ÙEMAG$Ø&; Ò I?'D'ãÝçK&?Ø&DCMN>&;<? Ô M×ÓG&?'BC9=ÜNA å
9<A&Ü FCK&? Ô MNBÖFÜN?EA&?'D Ò ;®9=A(FC?'DÖ× Ò ÙÁ?dÙ Ò A*FCK?EAH> ?@BÖF Ò FL?'G Ò B%×2M; å
;<M8BOªÚAGnFLK&? Ô MNBÖF%ÜN?EA&?'D Ò ;BÖFCD Ò FC?'ÜI
×2MDÝFLK&?Î?'Aá(9<DLMA Ô ?EA(F
7Ø&; Ò IN?ED¬(OdFCMe9<BLBCÕ&?ÙÁM ÔÔÒ AG&B¡BCÕÙKFLK Ò F Ò AIeÙEM ÔÔJÒ AG
9ÛBCBCÕ&?.G Ù Ò A > ?nK Ò AG;<?'G4>IHFCK&?nD Ò G9<M Ô MGÕ&;<?'Bn72Ø&; Ò I?'D
.OÁã
äA(FC?'DCDLÕ&ØFBÜ?'A&?ED Ò FL?'G¥>IJFLK&?@K Ò DLG8 Ò DL? 78:K&9ÛÙKrG&?ÁFC?'D Ô 9<A&?
8:K&?'A4>&9=FLBBCÕÙEÙE?E?.G9<A4Ü?EFÖFC9<A&ÜJBC?EA(F Ò AGH8:K&?EFCK&?'D9<A×2MD ÔJÒå
FL9=MNA@9<B->?E9<A&ÜDL?'ÙE?E9<á?.GÎ>IFLK&?ÙK Ò A&A&?';ÛO Ò DC?A&MNAG?ÁFL?ED Ô 9=A&9ÛBÖFC9ÛÙ
FLK&? ?'Aá(9<DLMA Ô ?EA(F Ô ÕBÖF Ô ?E?EFÏ9=FLBÏÜM Ò ;6M×Ý9<BLBÖÕ9=A&Ü Ò á Ò 9=; Ò >;=?
ÙEM ÔÔJÒ AG&BA&M ÔJÒ FCFC?ED6K&M8FLK&?'BC?Ý9<A(FC?EDLDLÕ&ØFLB Ò DL?Ü?EA?ED Ò FC?.G-ã
h? Ô MG?'; Ò A Ò > BFLD Ò ÙÌFC9<MAYM/×:FCK?HÙEMG&?×2MND
FLK&?*D Ò G&9=M
Ô MGÕ&;<?'B ¯ Ò G&9=M¢I(FC? Ò AG ¯Îù -+ã%äA Ø Ò DCFC9ÛÙÁÕ&; Ò D.ßÝá Ò DL9=MNÕB
G?EF Ò 9=;ÛBÎBCÕÙK Ò BFC9 Ô 9=A&Ü9<BLBÖÕ?'B'ß?EA ÙÁMG9<A&Ü¥M/×ÝG Ò F Ò ×2MNDÎ?'DCDLMD
ÙEMDLDC?.ÙÌFC9<MA6ß6>I(FC? å FCM å >9©F ÙEMAá?'DLBC9<MAB'ß?ÁFÙ/ã<ß Ò DC? Ò >BÖFCD Ò ÙÁFC?'G
Ò 8 Ò Iã#ÏA&;<IFCK&?¡ÙEMA(FCDLM;/.M87 Ò AGFCK&?@BÖF Ò FC?dá Ò DC9 Ò >;=?.B%DL?E; å
?'á Ò A(FFCM9=FO Ò DL?DC?EF Ò 9=A&?.G-ß Ò AGdFCK9<B Ò >BÖFCD Ò ÙÁFC9<MA@Ù Ò ÕBÖ?.B-A&MNA å
G?EFC?'D Ô 9<A&9<B Ô 9<AHFCK&? Ô MG?';!ã
h?*9 Ô Ø&;<? Ô ?EA(FC?.G+FLK&?4B Ò ×2?ÁFIÜ ÒÔ ?ÕBC9=AÜ,  FCM
?'á Ò ;=Õ Ò FC?FCK&?¨+ ¸¸ å > Ò BC?'G Ò Ø&Ø&DLM Ò ÙKã6çK&?¨  Ô MG?';
K Ò B*ûá Ò DC9 Ò >;=?.BEã ÎA Ò á Ò 9<; Ò >&9<;=9=FIM×ÙEM ÔÔJÒ AGB:8 Ò B Ô MG å
?';=?.GR>(IRBC?ÁFÖFL9=AÜ Ò á Ò DL9 Ò >&;<? éu¶=¶·s¶ò FCMèFLDCÕ&?Nã%çK&?Ü Ò/Ô ?
Ø&DLM>;=? Ô Ù Ò ØFCÕDC?.GÏ>IÎFCK&?BCØ?'ÙÁ9=Ú Ù Ò FC9<MA é b b íµ g g1`J7 ( u¶=¶·s¶ O ò
831 ²¯©Ì±'N°/(ª((E ±Eµ¤¬.¯£¢£¦'@(NÖÁ¢£.E¯ ¦C°N(¢
	(ª<'¤'¯£¨¢£'@ª
Power0 Power1TxBit RxMode
RFMRFM
player 0
player 1TxByte TxDone Power_low Wakeup
RFM
RadioByte
Bit_readBit_sent
TxBit
Event Event
RxBit
Power0
RadioByte RadioByte
Power1TxBytes
RxByteReady
Upper Layer
Interrupt
TxMode
X+ + t9@H<IKBDG:un IWNm@C<DGF  DGFmNJRH5
7 é GM?'B%FLK&?Ó?EAá9=DLMA Ô ?'ANFK Ò á? Ò BÖFCD Ò FL?EÜNIBCÕÙKFCK Ò F ¶=¶·J¶
9ÛBJA&?'á?ED¥BC?ÁFJFLMhFCDLÕ&? ò OÌßFLÕ&DCA?'GMÕFJFLMè> ?rFLDCÕ? Ò AG8 Ò B
ÙK&?.Ùý?.G¥8:9=FCK&9<A4MA&?@BC?'ÙEMAG-ã
çK&? Ô MG?';K&M8?EáN?ED-GM?'B-AM/F6B Ò FC9ÛBÖ×2IFCK? $/0:Ø&DLMØ?EDCFI
é  `J7 ( ¶=¶·J¶ O òJÒ BFLK&?¡DLÕ&Ar8:K&?EDL?ÓFCK&?
?EAá9=DLMA Ô ?'ANF:FLÕ&DLAB
FLK&?D Ò G9<MFCMÏ;=M8 å ØM8%?'D Ò AGÓFLK&?EA
8 Ò ý?'B9©FÕ&Ø
Ù Ò ÕBC?'B Ò A@?ED å
DLMD.ãNçK&9ÛBÙK&?'ÙýÙÁMNÕ&;<G¥> ?ÓGMA?Î9<A¥MA&?dBÖ?.ÙÁMNAGJ>I6-) ã
çK&?Ý8:9<A&A&9<A&ÜBÖFCD Ò FL?EÜI×2MD-FLK&?Ý?EAá9<DCMNA Ô ?EA(F-9=AÓFLK&?ÝÜ ÒÔ ?
Ò ;=8 Ò IB6BC?EAG&BG Ò F Ò MNA¡FLK&?ÙK Ò A&A&?'; Ò AG¡DL?'ÙE?E9<á?.B6G Ò F Ò 8:K?EA
9=F¥ÙÁM Ô ?.B MNA+FLK&?4ÙK Ò A&A?E;ß>ÕFJA&?EáN?ED FCÕ&DLABnFCK?*D Ò G9<MeFCM
;<M8 å ØM8?ED.ã
h? Ò ;ÛBÖMh9 Ô Ø&;<? Ô ?'ANFL?'G$FCK? Ò >Má?rB Ò ×2?ÁFI+Ü Ò/Ô ?*ØDCMN> å
;<? Ô ÕBC9<A&ÜFLK&?4BFLD Ò FC?'ÜI åÒ ÕFCM ÔJÒ FCMNA> Ò BC?'G+FC?'ÙKA&9<æ(Õ&?HÕB å
9<A&ÜRÿ ã[°ÎM8%?'á?'D'ß8:9=FCKRFLK&?ÙÁM Ô Ø&;=?EFC? Ô MG?E;ßÝFLK&?èÿ 
FLM(MN;<B:ÙEMÕ&;ÛG*A&M/FÜN?EA&?'D Ò FC? Ò 8:9<A&A&9<A&ÜJBÖFCD Ò FC?'ÜI Ò ÕFCM ÔÒ FCMNAã
h?ÓFCK&?'A*?EâØ ?'DC9 Ô ?EA(FC?.G*8:9=FCK Ò BÖÕ> åÔ MG?';-M/×6FLK&?¡ç9<A(I	
Ô MGÕ&;<?8:K&?'DC?FCK&?eDC?.ÙÁ?'9=á9<A&Ü+M/×@?'á?EA(FB9ÛBG9ÛB Ò >&;<?'G-ã ù MND
FLK&9<B Ô MG?E;ßFLK&? +	 " -/.10rFCMM;BÖÕÙ'ÙÁ?'?'G?.G9=ABCIA(FCK&?.BÖ9¦E9<A&Ü
Ò B Ò ×2?9<ANFL?EDC× Ò ÙE?:K Ò á9=A&Ü 
2dBÖF Ò FC?.B7¶FLK&? $0)¹¡×2MD Ô Õ&; Ò ÙÁMDLDL? å
BCØ MNAG9<A&Ü¥FLM¥FLK&9<Bd9<ABÖF Ò A(FL9 Ò FC9<MA K Ò G &ß ©;ná Ò DL9 Ò >&;<?'B Ò AG
**ß «;«NûÓÙÁ; Ò ÕBC?'B Ò AGFLK&?ÏFCMM; FCMMý 2#
«¡BC?'ÙÁMNAG&BÝFCM¡Ú A&9<BCK OÁã
äA BCÕ ÔÔJÒ DLIßEFCK&?/¢ å > Ò BÖ?.G Ò ØØ&DCM Ò ÙKÓ8 Ò B®× Ò BFL?ED Ò AG
8 Ò B Ò >&;=?dFLMnK Ò AG;<?ÓFCK?Ó×2Õ&;=; Ô MG?';!ã
 ,.0
h?ÝK Ò áN?ØDC?.BÖ?'ANFL?'Gdá Ò DL9=MNÕB-BCI Ô > MN;=9ÛÙ Ô ?ÁFLK&MG&B-ÕBC9=AÜ/+ ¸¸B'ß
%'(¹ å BCM;<á?'DLB Ò AG$ÿ  å BCM;<á?'DLBÏFCMeBÖMN;=áN?BCI Ô >M;<9<Ù Ò ;<;=IØ&DC? å
BC?EA(FC?.G4BÖÕ ÙEÙÁ9<AÙÁFÏÜ ÒÔ ?'B Ò AGr?Eá Ò ;<Õ Ò FC?'G4FCK&? Ô MNArFCK&DL?E?
?Áâ å
ÒÔ Ø;=?.BEãsÏA&?ÝM×FCK&?.BÖ??Áâ Ò/Ô Ø&;<?'B68 Ò B Ò DC? Ò ;<9<BÖFC9ÛÙá?'DC9=Ú Ù Ò FC9<MA
?Eâ ÒÔ Ø&;=?Nß Ò A9=A(FC?'DÖ× Ò ÙÁ?rBÖIA(FCK?'BC9<B?Eâ ÒÔ Ø&;=?*×2MD Ò ç9<A(I	
Ô MGÕ&;<?ã
çK&9ÛBHDC?.BÖ? Ò DÙKp9<BHØ&DL?E;<9 Ô 9<A Ò DLI Ò AGTMA&?hÙ Ò AA&M/F4GD Ò 8
K Ò DLGJÙEMAÙE;=Õ BÖ9<MABI?EF'ã ù DCM Ô FLK&?ÏÙEÕ&DLDC?'ANF%DC?.BÖÕ&;=FLB'ß(K&M8%?'á?'D'ß
9=FG&M(?.B%BC?E? Ô FCK Ò F+	¸¸6BÏ7?'BCØ ?.ÙÁ9 Ò ;<;=I OMÕ&FCØ?EDC×2MD Ô
Ô ?ÁFLK&MG&BFLK Ò F:ÕBC?ÓØ&DCMNØ M(BÖ9=FC9<MA Ò ;-BÖMN;=áN?EDBEãçK&? ÔJÒ 9<AHØ&DCMN> å
;<? Ô 8:9=FCKDL?'G&ÕÙÌFL9=MNArFCM ÿ hBC?E? Ô B:FCM*> ?
FCK&? ?ÁâØMA&?'ANFL9 Ò ;
>&;<M8 å Õ&Ø9=AFLK&?JDC?.GÕÙÁFC9<MAhFCM Ü Ò/Ô ?8:9©FLA&?'BLBC?'B'ã±;ÛBÖM ß,ÕBÖF
DL?'GÕ ÙÁ9<A&Ü@FCK?ÏBC9¦'?M/×®FCK?×2MD Ô Õ; Ò >I ÔÒ ý9=A&Ü@9=F Ô MNDC?ÎÙEM Ônå
Ø&;<?Áâ-ßBC?E? Ô BFCM ÔJÒ ýN?Ïÿ  Ò A G6%'(¹¡BCM;<á?'DLBØ?EDC×2MD Ô 8MDBÖ?
FLK Ò A@8:9=FCK Ò BC9 Ô Ø&;<?Ý>&Õ&F6; Ò DCÜN?ED-?'AÙÁMG9<A&ÜãEä×MNA&?ÝÙÁMNÕ&;ÛGdÙEM Ô ?
Õ&ØH8:9=FCK Ò áN?EDLIB ÔJÒ ;<;®A&M/FL9=MNAM/× Ò 8:9=FCA&?.BCB:BC?ÁF×2MD8:9<A&A&9<A&Ü
Ü Ò/Ô ?'B'ßÁFLK&?Ø&DLMØMNBC9=FC9<MA Ò ;BÖMN;=áN?EDB ÔJÒ IÎFLÕ&DLA¡MÕF6FCMÎ>? Ô MNDC?
ØM8%?'DÖ×2Õ;!ã
çK&?'DC? Ò DL?BÖ?'á?'D Ò ;/9<BLBCÕ&?'B6FCK Ò F Ò DC?Ý9<A(FC?'DC?.BFL9=A&Ü×2MD×2ÕFCÕ&DL?
BÖFCÕG&Iã ù 9<DLBÖF'ß Ô MNBÖF Ò Ø&Ø;=9ÛÙ Ò FC9<MABDL?'æ(Õ&9<DC?*FCMèBCM;<á? öJ¶Ìîïöð
ï¶í km·J¶=´Jöîï?·í (öJ´T³ÌøÓÒ AG¥9©F9<B%A&M/FÙÁ;<? Ò DK&M8FCM ?ÁâFC?'AGJFLK&?
Ô ?ÁFLK&MG&BJFLMèK Ò A G;=? FCK&9ÛBEãu±;ÛBÖM ßÝMA ÙÁ?48?4ý(AM8 FLK Ò F¥FLK&?
BCIBFL? Ô 9=A G?E?.G8:9=ABFCK?ÎÜ ÒÔ ?ß/8?ÎGM A&M/FýA&M8RK&M8RK Ò DLG
9=F9<BFCMÓ?Eâ(FLD Ò ÙÌF Ò 8:9<A&A&9<A&Ü@BFLD Ò FC?'ÜIÓM/×DL? Ò BÖMNA Ò >;=?BC9¦E?%×2DCM Ô
FLK&? Ò >Má?ÓØ&DLMÙÁ?'G&Õ&DC?.BEã
ù 9<A Ò ;<;=INß - Ù -49=;<; Ò AHK Ò BG&?Eá?';=MNØ ?.G Ò FL?'ÙK&A&9Ûæ(Õ&?ÓFCMØ?ED å
×2MND Ô Õ&A> MNÕ&AG?.G Ô MG?';NÙK&?.Ùý9=A&ÜÕBC9<A&ÜÓÿ 
BCM;<á?'DLB'ßÌ8:K&?'DC?
ÿ  å BÖMN;=áN?EDB Ò DL?4?ÁâØ&;<M9=FC?.GFCM ÔÒ A&9<Ø&Õ&; Ò FC?eBÖ?EFLB¥M×¡BF Ò FC?.B
BÖFCMNDC?.G Ò B>MM;<? Ò Ar×2MD Ô Õ&; Ò B ú *#
Áüã&äFÏ8MÕ&;ÛG4>?
9<A(FC?EDL?'BÖFC9<A&Ü
FLMJFCMJ?EâØ;=MNDC?Ó8:K&?EFCK&?'DÜ ÒÔ ?.B:Ù Ò AH>?
BCM;<á?.GÕBC9<A&Ü Ò BÖ9 Ônå
9<; Ò D Ò Ø&ØDCM Ò ÙKã
} 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